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Minimal force to move the heavier opponent:
Investigation of sumo game

Masatomo Iwasa | . Center for General Education. Aichi Institute of Technology. Japan.

ABSTRACT

In sports and daily life, we often experience situations where we should carry an object by pushing it. In this study, we analyse
sumo, a Japanese traditional sport, in which one can be a winner by pushing the opponent to the outside of dohyo, the wrestling
ring. The optimal strategy for the lighter wrestler to carry the heavier opponent by sliding on dohyo is explored in terms of physics.
Although the lighter wrestler can never slide the opponent by pushing forward, this can be achieved by exerting the force diagonally
upward. As a result of analysis, we obtain the magnitude and direction of the force that should be applied to initiate the sliding
motion and ensure its fastest movement. The result reveals the existence of a critical weight ratio of the wrestlers; if the ratio is
upper than a certain value, the lighter wrestler should push to a specific direction, while otherwise the optimal force direction
depends on the weight. Due to the generality of physics and mathematics, the application is not limited to sumo; the result provides
the most effective way to carry an object on a floor in all activities in sports, exercises, and daily life.
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INTRODUCTION

In sports as well as daily life, we often have to carry a heavy object by sliding on a floor. Then, we can have
a question: what is the most effective way to achieve it? How strongly and in which direction should we push
the object? We find such a situation typically in sumo, a Japanese traditional sport. In the game of sumo, two
wrestlers fight inside of a 4.55 m circle on a clay platform, namely, dohyo. If a wrestler steps outside of the
circle, the wrestler is declared the loser. Therefore, one of the ways to be a winner is to push the opponent
strongly, make the opponent slide on the dohyo, and successfully push the opponent out of the circle. In this
study, by applying the laws of physics, we explore the force required to make the opponent slide.

In general, to slide an object on a plane surface, we must apply a force that exceeds the friction between the
object and the surface. Regarding friction, it is known that the maximum friction force arising in a static
object, referred to as the limiting static friction F,,, is proportional to the force perpendicular to the plane,
referred to as the normal force N , that is, F, = usN, where the proportionality constant p is referred to as
the static friction coefficient (Halliday et al., 2013).

Assume two sumo wrestlers, A and B, have a bout, and A is lighter than B. Then, as evident in the following
image, the lighter wrestler A cannot make the heavier opponent B slide if A simply pushes B forward.

The weights of A and B are set to w and W, respectively. Since A is lighter than B, they satisfy w < W. With
regards the forces in the vertical direction, the weights on A and B are, respectively, balanced with the normal
forces applied by dohyo, N4, and Ng, i.e., Ny = w and Ny = W. Hence, their limiting static frictions, F;, 4
and F,g, are given by Fy, = usw and F,, = u;W, and therefore F,, < F,p is satisfied, indicating that
the limiting static frictions for A is smaller than that for B.

If A pushes B horizontally with a force of the magnitude f (Figure 1a), according tothe Newton’s third law,
namely, the action-reaction law, A is simultaneously pushed by B with an equal and opposite force (Halliday
et al., 2013). Therefore, while A increases the force magnitude f, f exceeds F,, before f exceeds Fyg,
which indicates that A must begin to slide on dohyo before B begins to slide.

However, if A pushes B diagonally upward (Figure 1b), as described in the following sections, it is possible
that the limiting static force of A becomes larger than that of B because the normal force on B reduces while
that on A increases, and therefore there is a possibility that A can make B slide without sliding backward.

In this study, we investigate the settings under which a lighter wrestler can push a heavier wrestler; in other
words, how a light wrestler can strategically push a heavier opponent in a sumo game. Due to the advantage
in generality of physics and mathematics, the result would be able to be applied not only to sumo games but
also to other various situations in sports as well as in life in carrying a heavy object on a floor. Note that, to
avoid the complexity of the discussion, the rotation of the wrestler's body is out of the scope of this study.
The rotational motion can be separated from the sliding motion in terms of mechanics and would be independently
investigated in another study.

MATERIAL AND METHODS

Model
We consider a situation in which the lighter wrestler A pushes the heavier wrestler B diagonally upward. We
set the vertical and horizontal component of the force to be f, and f;, respectively (Figure 1b).
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Figure 1. Forces exerted upon the two wrestlers in sumo when the lighter wrestler A pushes the heavier
opponent B with a force magnitude f. (a) Case in which A pushes B in the horizontal direction. (b) Case in
which A pushes B in a diagonally upward direction.

According to the action-reaction law, the reaction force is generated diagonally downward. Because the
magnitude of the vertical component of the reaction force is also f,, the normal forces on A and B are:

Ni=w+fl, (1)
Ny =W —f, (2)

which comes from the force balances on A and B in the vertical direction. Therefore, the condition that A can
make B slide without sliding backward, namely Fy,(= usN4) > Fog(= usNg) for the limiting static friction,
is given by:

.us(W+fJ_) >.us(W_fJ_): (3)

which leads to:
W —-—w
fL> 2 (4)

For A to slide B, another condition must be satisfied; it is necessary that thehorizontal component of the force
applied to B, f;, exceeds the limiting static friction, Foz(= usNg). In other words, according to (2), the
relation,

fi > us(W = f1), (5)

must be satisfied.
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Thus, the conditions under which the lighter wrestler A can make the heavier opponent B slide are given by
the inequalities, (4) and (5). Figure 2a and 2b depicts the region satisfying the relations (4) and (5). If A
pushes B with the force represented by points in the shaded region in those figures, B begins to slide without
A sliding backward.
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Figure 2. The range in which the lighter sumo wrestler A can make the heavier opponent B slide without
_2

sliding backward. (a) When the lighter wrestler is sufficiently heavy (w > ﬁW), the minimal force

required to slide B is represented by point H. (b) When the lighter wrestler is not sufficiently heavy (w <

;Zi W), the minimal force required to slide B is represented by point C.

RESULTS

Minimal force for sliding

Let us find the minimum magnitude of force, fi,in, required for A to slide B. Let the angle between the horizon
and the force direction be 8,,, when the force is exerted. The minimal force is graphically represented by
the point whose distance from the origin has the minimum value in the shaded region in Figure 2. Then, there
are qualitatively different two cases corresponding to Figure 2a and Figure 2b.

In the first case (Figure 2a), the point H, the foot perpendicular from the origin to the line f; = u,(W — £,
that is,

fi=—rhitW ®
1= s I ’

is included in the boundary of the shaded region. In this case, the force corresponding to H is the minimal
force. In the second case (Figure 2b), the point H is not included in the boundary of the shaded region. In
this case, the force represented by the point C is the minimal force.
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Let us analyse the first case. Because the line perpendicular to the line (6) and passing through the origin is
represented by:

fJ_ = .usfll' (7)
the coordinates of H are:
o
_ Hs
fi=1ra" 9)

Therefore, point H is located on the boundary of the shaded region in Figure 2 (i.e., the first case occurs)
when:

> 10
1+/J§W_ 2’ (10)

in other words, when the ratio of the weights satisfies:

1 -l
1+ ué

(1)

w
— >
w

In this case, the force H in Figure 2a is the minimal force. Then, its magnitude f,,;,, is given by:

fmin = /ff +f||2

_ MW 114 (12)

V14 ug

The direction of the force is given by 8, in Figure 2a, which is determined from the relation,

fi

tanf,, = —

fi
= HUs (13)

Let us analyse the second case, in which the condition (11) is not satisfied, i.e.:

wo o 1—ug (14)

<
W 14+ pu?

Then, the minimal force is represented by point C in Figure 2b, which is the intersection of the line (6) and
the line:
W —-w 15
fi= 2 (19
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By substituting Equation (15) into Equation (6), we obtain:

S(W+ 16
f"=u(2W) (16)

at point C. Hence, the magnitude of the minimal force f,iy, is given by:

fmin = /ff + fif

Ja-Dr+ia+ iy
B 2

(17)
w

The direction of the force is given by the angle 8, in Figure 2b, which is deter- mined from:

tanB,,; = ;—l
I
. W-w (18)
us(W +w)

Range of the force direction
Assuming that the lighter wrestler A can produce a strong force f;, that sufficiently exceeds f,in, let us find
the force direction in which A can make the heavier opponent B slide.

fO “’ ........ Ran ge o p
\ “.._the direction

10) MSW\ fo

Figure 3. The range of the force direction in which the lighter wrestler can make the heavier opponent slide
when the lighter wrestler pushes with a force of magnitude f,, that exceeds finin
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The direction range is represented by 8, < 8 < 6, in Figure 3. Point P is the intersection of the line (15)

and a circle with centre at the origin and radius f,. Point Q is the intersection of the line (6) and the same
circle. When A pushes in a direction in this range, it is possible to slide B without sliding backward.

Let us calculate 8, and 6, . At the point P, since:

wW—w (19)
2

fO Sinap =

holds according to Equation (15), 6, is given by:

wW—w (20)
2fo

fp = arcsin

At the point Q,

1
foSineQ = —H—fOCOSQQ + W (21)
S

holds according to Equation (6). By transforming Equation (21), we obtain:

usW (22)

V1 +.Us?fol

where ¢ is defined by tan¢ = p, which corresponds to 6, in Figure 2a. Therefore, 6, is given by:

cos(HQ —¢) =

w 23
fq = arctan u; + arccos <H5—> (23)

In summary, when the lighter wrestler A pushes the heavier opponent B with a sufficiently large force of
magnitude f, ' exceeding fi,in, B starts sliding before A slides backward if A pushes B in the direction of:

d w 24
> < 8 < arctan ug + arccos <,us—> (24)

\/1+H§ 0

arcsin (
0

Optimal force direction

To end the bout swiftly, one of the best strategies is to make the opponent move as fast as possible. To
achieve this, the acceleration of the opponent should be maximized. Here, we consider the case in which the
lighter wrestler A can produce a force of magnitude f;, (which is supposed to be larger than f,in), and find
the optimal force direction 8’,,, that generates the maximum acceleration in the heavier opponent B.

"Here, the reason for the use of “sufficiently” is, to be strict, in the case that Equation (11) is satisfied and the circle with radius f,
intersects twice with the line f, = —f,/us + W, and the range of 6 is modified to:

arctan ug — arccos (,uSW/ (fm/ 1+ u§)> < 8 < arctan s + arccos (usW/ (fm/ 1+ ug))
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In general, according to the Newton’s second law, the acceleration of an object is determined using the
equation of motion, ma = f, where m and f denote the mass of the object and the force acting on the
object, respectively. In addition, it is known that the friction force exerted on a moving object is proportional
to the normal force N, in the same way as the limiting static friction, and expressed as u N, where py is
referred to as the kinetic friction coefficient [Halliday et al. (2013)].

In the situation we consider here, because the force acting horizontally on the wrestler B is f; — u Np, the
equation of motion is given by:

mgag = f; — uxNp (25)

where mg and ag denote the mass and acceleration of B, respectively. According to Equation (2), Equation
(25) is reduced to:

mgag = fi — (W = f1) (26)

Assuming B is pushed by A with a force magnitude f,, and force direction 8, then, since f, = f, sin 8 and
fi = fo cos 8, Equation (26) leads to:

mgag = focosd — (W — f,sind), (27)

which is reduced to:

mgag = fy(cosO + wsinB) — W (28)
= foJ1+ u2cos(6 — ¢') — W, (29)

where ¢’ is the angle satisfying tan ¢’ = .

.f()

fi=mfy_

W—w
’ \ fo =
> =
0] fi

Figure 4. The direction to make the opponent move fastest 8’ ;.
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Then, the optimal direction ', is the direction that maximizes the right-hand side of Equation (29).
Therefore, we obtain 6',, = ¢, which is equivalent to the relation,

tan Qlopt = Uk (30)

Hence, if the wrestler A pushes B with the force represented by the point H' in Figure 4, the wrestler A can
make B move fastest.

However, also in this case, the vertical component of the applied force must satisfy Equation (4). In other
words, the vertical component f, = f; sin 8’ must exceed (W — w)/2. Graphically, this case occurs
when the force magnitude f, exceeds that of C' in Figure 4. In other words, when W and w satisfy the
relation:

(31)

=) + (%)
Vit @

B 2y W =w)

If the lighter wrestler A cannot produce a force that satisfies Equation (32), namely, if:

V14 uk (32)

W —w),
21

fo <

the optimal direction 8’4, is such that £, = (W — w)/2 holds, which is equivalent to the relation:

W —-w
Sing’ype = T (32
Note that this angle corresponds to the lower limit of (24).
DISCUSSION
Parameter values

Let us numerically estimate the magnitudes and directions of force obtained above by using the parameter
values.

Although the static friction coefficient ug between clay, which forms dohyo, and the foot has never been
measured to the best of the author’'s knowledge, we assume it at y, = 0.4 according to a report that the
static friction coefficients between the human skin and various materials mostly have a value between 0.2 —
0.5 (Sivamani et al., 2003), and the fact that the value between silicon rubber and sand is less than 0.6 (Tay
etal.,, 2015).
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While the kinetic friction coefficient w,, also seems to have never been measured, we assume it to be y;, =
0.3 because the kinetic friction coefficients are usually smaller than the static friction coefficients (Halliday
etal., 2013).

In addition, when we need to give a value of the weight of the heavier wrestler in the following, we set it at
W = 150 kgw as a typical value of sumo wrestlers.

Minimal force for sliding

The magnitude and direction of the minimal force to slide the heavier wrestler are as follows. They qualitatively
depend on whether the ratio of the weights of the two wrestlers is large or small; specifically, w /W is larger
or smaller than (1 — u2)/(1 + u2)~0.72 according to the inequalities (11) and (14). For example, when
the heavier wrestler's weightis W = 150 kgw, it depends on whether the lighter wrestler's weight is grater
or smaller than w = 108 kgw.

When the weight of the lighter wrestler is sufficient to satisfy w = 108 kgw, the minimum force magnitude
is estimated from Equation (12), which does not depend on the weight of the lighter wrester, w, and we obtain
frnin = & ¥ 56 kgw. If the lighter wrestler pushes with the force stronger than this value in the direction
determined from Equation (13), which is estimated as 6, = arctan u; = arctan 0.4 ~22°, the wrestler
can slide the heavier opponent.

—. 920
inimal force
140 ;
Optimal angle 1 80
120 | 1 90
g) 100 1 60
=, [
v i)
o ! o
s 80 -
© ©
£ 140 E
£ 60 =
= 130 ©
40
1 20
20 10
0 Il | 1 O
0 20 40 60 80 100 120 140

Weight of the lighter wrestler [kgw]

Figure 5. The magnitude and direction of the minimal force for various weights of the lighter wrestler under
Us = 0.4 and W = 150 kgw.

Conversely, when the lighter wrestler is so light that w < 108 kgw is satisfied, the minimum magnitude of
force is estimated from Equation (17), which depends on the weight of the wrestler w. For example, when
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w = 90 kgw, the heavier wrestler can slide when the lighter wrestler pushes with a force stronger than
w [(1-2)* J(1+Z :

finin = ‘/( ) ;ﬂ (1+5) ~ 57 kgw in the direction determined by Equation (18), which is estimated as

Oopt = arctan((W — w)/[us(W + w)]) ~32".

Figure 5 illustrates the finin and 8, for various weights of the lighter wrestler, w.

Range of the force direction

When the lighter wrestler can exert a strong force that sufficiently exceeds f,,in, various force directions can
possibly make the heavier opponent slide. The range of the force direction is given by Equation (24). For
example, when the weights of the heavier and lighter wrestler are W = 150 kgw and w = 90 kgw,
respectively, and if the lighter wrestler can generate a force of magnitude f, = 80 kgw, the lower limit of the
angle of the direction is arcsin (W —w)/(2f,))~22°, and the upper limit is arctan pg +

arccos(usW /[(\/1 + p2)fy])~68".

Figure 6 presents the relation between the force magnitude and the range of the force direction in which the
heavier wrestler will slide.

90 T T T T
80 |
70
60 [

50 | Range of
the direction

Angle [°]

40 |

30 |

20

10 G

0 1 1 L 1
0 20 40 60 80 100 120 140

Force [kgwl

Figure 6. The force direction in which the heavier wrestler slides for various force magnitudes under p, =
0.4, W = 150 kgw and w = 90 kgw.

Optimal force direction
Let us estimate the optimal force direction in which the lighter wrestler can make the heavier opponent
move as fast as possible. The optimal force direction qualitatively depends on whether the magnitude of the
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W-w) |1+ud

force produced by the lighter wrestler exceeds f, = ~52 kgw (when W = 150 kgw, w =

120 kgw) (Equations (32) and (33)).

2us

When the applied force magnitude £, is greater than 52 kgw, the optimal force direction is determined from
Equation (30), that is, tan 8’5 = 1, = 0.3, which does not depend on the force magnitude f;. Hence,

the optimal way is to push in the direction of &’,,,¢ = arctan 0.3 ~17".

On the other hand, when the force that can be produced is less than 52 kgw, optimal force direction is
determined from (34), and depends on the force magnitude f,. For example, when f, = 40 kgw, the optimal
force direction is calculated usingsin 6’y = (W — w)/(2£;)~0.38. In other words, the optimal method

is to push in the direction of 8’4, = arcsin 0.38 ~ 22",

Figure 7 depicts the optimal direction for various pushing forces in the case that the heavier wrestler's weight
is W = 150 kgw and lighter's one is w = 120 kgw.

90 T T

Optimal éngle
80 | o

70 .
60 | .
50 - i

40 | -

Optimal angle P]

30 ai

20 T

10 3

0 ] 1 | 1
0 20 40 60 80 100 120 140

Force [kgw]

Figure 7. The optimal force direction, in which the maximum acceleration is generated in the opponent, for
various force magnitudes under ;. = 0.3, W = 150 kgw and w = 120 kgw.

CONCLUSIONS

In conclusion, mathematical formulae providing the best strategy for the lighter wrestler to win a sumo game
by pushing the heavier opponent on dohyo as fast as possible is suggested as follows.

In sumo, the actual process is such that the magnitude of force increases gradually from 0 even if it occurs
in a moment. Therefore, to initiate sliding the heavier opponent, the lighter wrestler should push in the
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direction of the minimal force. The direction of the minimal force depends on the ratio of the weights of the
two wrestlers w/W. If the lighter wrestler is sufficiently heavy as (1 — u2)/(1 + u2) < w/W (Equation
(11)), the wrestler should push in the direction of & = arctan ug (Equation (13)). In this case, the minimum
requirement for the force magnitude is pg/4/1 + uZ2 times the heavier wrestler's weight (Equation (12)). If
the lighter wrestler is so light that w/W < (1 — u2)/(1 + u?) ((Equation (14)) is satisfied, the wrestler
should push in the direction of 8 = arctan((W — w)/[us(W + w)]) (Equation (18)). In this case, the
minimum requirement for the force magnitude is /(1 — w/W)2 + ug(1 + w/W)2/2 times the heavier
wrestler's weight (Equation (17)).

Once the opponent starts to slide, it is ideal for the lighter wrestler to make the opponent move as swiftly as

possible. When a lighter wrester can generate a force magnitude exceeding (W — w)+/1 + u2/(2us)
(Equation (32)), the wrestler should push in the direction of & = arcsin((W — w)/(2f;)) (Equation (33)).

In a real game, the heavier opponent will of course not be static but push the lighter wrestler. Nevertheless,
we should note that the above analysis is still effective; all the above results can be derived similarly if we
replace the force generated by the lighter wrestler to the sum of the force generated by both the lighter and
heavier wrestler in the equations above. Some future studies can be carried out to obtain more realistic
predictions. Since the friction coefficient is the key to determine the forces calculated above, measurement
of the static and kinetic friction coefficients would be important to find the best strategy for sumo wrestlers.
In addition, although it is assumed in this study for simplification that the force magnitude generated by the
wrestlers does not depend on the direction, in reality, the available force magnitude would depend on the
direction 6, and be a function of the direction, £(6). Nevertheless, the logic of the analysis would not be
modified; instead of drawing a circle of the radius of f; in Figure 3 and Figure 4, we only have to draw the
graph of £(8), and carry out the analysis in the same manner. To obtain predictions that is more applicable
to the real game, measurement of f(8) would be meaningful.

Finally we should note that the importance of this study is not limited to sumo; the result can be applied to all
situations where we carry an object by sliding on the floor. We can do it most effectively if we push the object
to the direction given by Equation (13) or (18) to initiate the sliding, and to the direction given by Equation
(30) or (34) after the initiation of the sliding.
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